Starting from the assumption that all possible orientations of grains are equally probable, we prove that the geometric factor of thermodynamic dislocation theory for polycrystals subjected to axially symmetric tension or compression must be equal to 2. We then use large-scale least-square analysis to identify the physics based parameters of this theory and show that the simulated stress-strain curves for OFHC copper, ARMCO iron and 4340 steel agree well with the experiments of Johnson and Cook.
at modifying the equations of motion for polycrystalline bars subjected to tension/compression and use them to predict the mechanical responses of OFHC copper, ARMCO iron and 4340 steel reported in [5] .
Although the macroscopic stress state of the axially symmetric stretched (compressed) bar is uniform, the microscopically resolved shear stress in its polycrystalline material, which is responsible for the local plastic slip in the grains, is non-uniform as it depends on the orientation of the slip systems. Our main assumption is that in any representative volume element of the polycrystal containing a large number of randomly oriented grains, all possible grain orientations are equally probable. This means that the orientations of slip systems are also equally probable. Under this assumption it makes sense to consider the mean resolved shear stress and the mean resolved shear strain over all orientations of slip systems. To find these quantities, it is convenient to use the orthonormal basis vectors of the spherical coordinates e r = (sin θ cos φ, sin θ sin φ, cos θ) T ,
Vector e r = m is the unit normal to the slip plane, while vector s = cos α e φ + sin α e θ denotes the slip direction (see Fig. 1 ). Neglecting the stress fluctuation in the grains that does not contribute to the mean resolved shear stress, let us evaluate the latter from the macroscopic stress. For the uniform and uni-axial macroscopic stress state σ = diag(0, 0, σ) the resolved shear stress (Schmid stress) caused by it in the grain with the active slip system (s, m) equals
Note that Eq. (1) reduces to the well-known formula τ = σ cos θ cos λ by observing that cos λ = s · e 3 = − sin θ cos α. For each slip system (s, m) there are the associated slip systems (−s, m) and (s, −m), whose resolved shear stress is opposite and responsible for the plastic slip in the opposite direction. In order to find the physically meaningful average resolved shear stress, which is responsible for the positive slip direction only, we have to exclude these slip systems. For this purpose we limit the angle θ to change from 0 to π/2, the angle α to change from π/2 to (2)
Likewise we can also find the mean plastic resolved shear strain from the macroscopic plastic strain. Under the axially symmetric tension/compression test the macroscopic plastic strain tensor turns out uniform and diagonal:
. The plastic resolved shear strain in the grain with the active slip system (s, m) caused by ε p is given by
Thus, doing the averaging over all positively oriented slip systems, we obtain
.
Taking into account the incompressibility condition, ε p
Similar equation holds true for the mean total resolved shear strain, provided the macroscopic total strain tensor is uniform, diagonal, and satisfies the incompressibility condition. The latter condition must be approximately satisfied for the small elastic strain tensor. Dropping index 3 of the components ε 3 and ε p 3 , we express the mean elastic resolved shear strain as follows
Applying homogenization technique to heterogeneous materials with statistically isotropic microstructure [6] we can establish the following relation
where µ is the effective shear modulus that may depend on temperature. With Eqs. (2) and (3) we finally arrive at
which shows that the "geometric factor" for polycrystalline bar under tension/compression is α = 2. We further assume that the mean plastic slip rate can be found from the kinetics of thermally activated dislocation depinning as followṡ
Here, t 0 is a microscopic time of the order of 10 −12 s, b the Burgers vector, ρ the dislocation density, θ = k B T the ordinary temperature (in the energy unit), k B T P the pinning energy barrier at zero stress, and τ T = µ T b √ ρ the Taylor stress (see [1] ). Sinceτ = σ/π andγ p t 0 = 2ε p sm t 0 = 2 πε p t 0 we havė
where
Taking the time derivative of Eq. (4) we obtaiṅ
For the constant strain rateε = q 0 /t 0 we can replace the time derivative by the derivative with respect to the strain according to d/dt = (q 0 /t 0 ) d/dε . Then Eq. (6), together with (5), is transformed to
whereq 0 = 2q 0 /π. The next logical step is to derive the equation of motion for the dislocation density ρ. To this end we adopt the main hypothesis of TDT [1] : A plastically deforming crystal, as thermodynamic system, can be decomposed into two subsystems. The first, configurational subsystem, consists of slowly changing stable positions of atoms, including the positions of dislocations. The second, kinetic-vibrational subsystem, consists of rapidly changing coordinates that describe small oscillations of atoms about their stable positions. Because of the different time scales characterizing these subsystems we can introduce two well-defined thermodynamic temperatures: the effective disorder temperature induced by dislocations, χ, that will be the essential state variable, and the ordinary temperature, θ, which we will assume to be a constant. Now the equations of motion for ρ and χ can be derived from the non-equilibrium thermodynamics of driven systems [1] . Without going into the detailed derivation, we write down these equations as follows:
Here ρ s (χ) = 1 a 2 e −e d /χ is the most probable (steady-state) dislocation density at fixed configurational temperature χ, while
It is convenient to introduce the rescaled variables and rewrite the system The experimental points (black squares, red circles, and blue triangles) are taken from Johnson and Cook [5] With these rescaled quantities we find the dimensionless steady-state dislocation densityρ The formula for ν becomes
We assume thatμ T scales like µ as a function of temperatureμ T (θ) = sµ(θ), with s being a material constant. Usingq instead of q as the dimensionless measure of mean plastic slip rate, we are effectively rescaling t 0 by a factor b/a. For the purpose of this analysis, we assume that (2a/πb)t 0 = 10 −12 s; and we useq 0 = 10 −12ε for converting fromq 0 to the measured total strain rates. The experimental points (black squares, red circles, and blue triangles) are taken from Johnson and Cook [5] In terms of the introduced rescaled variables the governing equations read
where K ρ = κρa b and K χ = κχb ae d . We assume that the coefficients K ρ and K χ are material constants independent of the strain rate and temperature.
The experimental results of Johnson and Cook [5] for OFHC copper, ARMCO iron, and 4340 steel, along with our theoretical results based on the equations of motion (9), are shown in Figs. 2, 3, and 4 , respectively. Note that the strain, defined in [5] as 2 ln(d 0 /d), approximately equals ε = ε 3 , provided the small strain and incompressibility conditions are satisfied. In order to compute the theoretical curves in these figures, we need values for five system-specific parameters: the activation temperature T P , the stress ratio s, the steady-state scaled effective temperatureχ 0 , and the two dimensionless conversion factors K ρ and K χ . We also need initial values of the scaled dislocation densityρ(ε = 0) ≡ρ i and the effective temperatureχ(ε = 0) ≡ χ i , which are determined by sample preparation. Finally, we need a formula for the temperature dependent shear modulus µ(θ), which we take from [7] to be
where µ 1 = 51.3 GPa, D = 3 GPa, T 1 = 165 K for copper, and µ 1 = 85 GPa, D = 10 GPa, T 1 = 298 K for steel. For iron we use a simple linear approximation µ(θ) = 85.335GPa − 0.034(T Pθ ). To identify the parameters we employed large-scale least-squares method [2, 8] . That is, we have computed the sum of the squares of the differences between our theoretical stress-strain curves and the experimental points, and have minimized this sum in the space of the unknown parameters. The identified parameters turn out robust and are presented in Table 1 for the above materials. We also found the initial conditions for OFHC copper corresponding to the above three cases: (i)χ i = 0.173,ρ i = 6.15 10 −4 , (ii)χ i = 0.165, ρ i = 3.25 10 −4 , (iii)χ i = 0.169,ρ i = 7.02 10 −4 . For ARMCO iron we found that: (i)χ i = 0.202,ρ i = 4.96 10 −3 , (ii)χ i = 0.187,ρ i = 1.77 10 −3 , (iii) χ i = 0.191,ρ i = 1.53 10 −3 . Finally, for 4340 steel we have: (i)χ i = 0.204, ρ i = 5.14 10 −3 , (ii)χ i = 0.22,ρ i = 7.97 10 −3 , (iii)χ i = 0.243,ρ i = 1.25 10 −2 .
The agreement between theory and experiment seems to be well within the bounds of experimental uncertainties. Even the initial yielding transitions appear to be described accurately by this dynamical theory. Based on Parameters T P (K) s χ 0 K χ K ρ OFHC copper 65482 0.04612 0.20542 9.59529 1.39253 ARMCO iron 64680 0.02986 0.21345 14.77 4.0609 4340 steel 92946 0.05219 0.28075 2.6105 16.2637 Table 1 : The material parameters for OFHC copper, ARMCO iron, and 4340 steel this good agreement and the plausible arguments at the beginning of the paper, we conclude that the geometric factor of TDT must be α = 2 for polycrystals subjected to axially symmetric tension/compression.
